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Abstract. We study the gauge- fixing and symmetries (BRST-invariance and vector supersymmetry) 
of various six-dimensional topological models involving Abelian or non-Abelian 2-form potentials. 
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1 Introduction 



Recently, L. Baulieu and P. West introduced a six- dimensional topological model of Witten- 
type involving 2-form potentials Q. In the sequel, the gauge-fixing procedure and twist in 
this model have been studied in more detail in reference @; these authors also determined 
vector supersymmetry (VSUSY-) transformations which represent an additional symmetry of 
the model. 

The goal of the present paper is to discuss two different generalizations of the free Abelian 
model [Q] to interacting models. The first consists of coupling the Abelian 2-form potentials 
to a non- Abelian Yang-Mills field by virtue of a Chern-Simons term, as suggested in reference 
|TJ. The corresponding action represents a six-dimensional topological version of the Chapline- 
Manton term appearing in the action for ten-dimensional supergravity coupled to super Yang- 
Mills theory [^J. The second generalization consists of considering non- Abelian (charged) 2-form 
potentials which are coupled to a Yang-Mills connection, following the lines of reference [|J] . 

Before discussing these generalizations, we summarize the free Abelian model [[l], while 
using differential forms to simplify the notation (section 2). Our paper concludes with some 
comments concerning possible extensions of these six- dimensional topological models. We note 
that all of our considerations concern the classical theory (tree-level). 

2 Free Abelian model 

The arena is a compact pseudo-Riemannian 6- manifold A4q and the basic fields are Abelian 2- 
form potentials B 2 and B^ which are independent of each other. From the associated curvature 
3- forms G3 = dB 2 and G% = dB 2 , one can construct the classical action [Ij 



Here and in the following, the integrals are understood as integrals of 6-forms over Ai 6 and the 
wedge product symbol is always omitted. 

2.1 Symmetries 

The action (H) is invariant under the ordinary gauge transformations 



which represent a reducible symmetry in the present case, and it is invariant under the shift- 
(or topological Q-) symmetry 




(1) 



S Xl B 2 = dXt 



5 Xl B c 2 = 0, 




5 X2 B C 2 = 0, 



(3) 
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which also represents a reducible symmetry. In equations and in the following, it is 

understood that the "c-conjugated" equations also hold, e.g. c-conjugation of equation (|2|) 
gives tfacBf = d\\, 5 X -B 2 = 0. 

In the sequel, we will describe the infinitesimal symmetries in a BRST-framework and we 
will derive the BRST-transformations from a horizontality condition (Russian formula) ||. 
Thus, we introduce a series of ghost fields associated with the reducible gauge transformations 
(fj) and we collect them in a generalized 2-form, 

B 2 = B 2 + V 1 1 + m 2 . (4) 

Here, the upper and lower indices denote the ghost-number and form degree, respectively. The 
total degree of a field is the sum of its ghost-number and form degree, and all commutators [■, ■] 
are graded with respect to this total degree. The BRST-differential s, which describes both the 
ordinary gauge transformations and the shift-transformations, is combined with the exterior 
derivative d in a single operator, 

d = d + s, (5) 

which is nilpotent by virtue of the relations d 2 = s 2 = [s, d\ = 0. Thus, the generalized field 
strength 

G 3 = dB 2 (6) 

satisfies the generalized Bianchi identity 

d~G 3 = 0. (7) 

The BRST-transformations of the classical and ghost fieldsQ are now obtained from the hori- 
zontality condition ||] 

G 3 = G 3 + ^ 2 1 + ^ + </> 3 , (8) 

which involves a series of ghosts associated with the shift-symmetry. By inserting the field 
expansions @ and flD into relations (fjD and (|7|), we obtain the s- variations [0, 

sB 2 = — dV^ , = — d(pf 

sVl = ip 2 -dm 2 , sipj = -# 3 (9) 
sm 2 = 3 , S(p 3 = 

and sG-s = —dip\. Since the field expansions and (||) have not been truncated, the obtained 
BRST-transformations are nilpotent by construction ||. 

1 Here, "classical" fields are not opposed to quantum fields, but simply refer to the fields appearing in the 
classical action. 
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2.2 Gauge-fixing 

Let us briefly review the gauge-fixing procedure |l|, § while using differential forms. To start 
with, we consider the shift degrees of freedom for the fields B 2 and B^. These are fixed by 
imposing a self-duality condition relating the corresponding field strengths: 

*G 3 = -G%. (10) 

This relation is equivalent to imposing a self-duality condition on G_ = d(B 2 — Bf) and an 
anti-self-duality condition on G + = d[B 2 + B 2 ) . Henceforth, relation ( |T0"D is analogous to the 
self-duality condition for the curvature 2-form F in four- dimensional topological Yang-Mills 
theory 0. 

With the help of a BRST-doublet (xj 1 , H 3 ), i.e. 

ax^ x = H 3 , sH 3 = 0, (11) 
the constraint ( [TOP can be implemented in the gauge-fixing action: 

^ sd = sj{ X ^(*G 3 + G c 3 )}. (12) 

Since the shift-symmetry represents a reducible symmetry, it is necessary to re-iterate the gauge- 
fixing procedure for the action S c ; + E st ^ this leads to the introduction of the anti-ghosts and 
Lagrange multipliers of tables [i] and 0, all of which have been arranged in Batalin-Vilkovisky 
pyramids. These fields again represent BRST-doublets: 

s</>~ 3 = rf 2 , sr]~ 2 = 

s^ 2 = , srh 1 = (13) 

s x l — V 2 ! sr f = 0- 

In summary, the shift-invariance of the classical action is fixed by virtue of the gauge-fixing 
action 

S Q = S sd + 8 J {ipfd + (f)- 3 d*ip 2 + X l d *<pf - CC) , (14) 

where CC stands for the c-conjugated expressions. 

The reducible gauge symmetry (|2|) is fixed in a similar way: one considers the usual gauge 
condition d *B 2 = and re- iterates the gauge- fixing procedure. This leads to the introduction 
of the series of anti-ghosts and multipliers presented in tables ^| and |], the s-variations being 
given by 



sm 2 


= r 1 


, sp- 1 


= 






= 61 


sbi 


= 


(15) 


sn 


= p 1 


, sfS 1 


= 0. 





3 



x 1 



Table 1: Tower for shift ghosts 
and anti-ghosts 



m 

rf 2 rf 

Table 2: Tower for shift multipli- 
ers 



B 2 

m 2 n m 2 

Table 3: Tower for gauge ghosts 
and anti-ghosts 



h 

Table 4: Tower for gauge multi- 
pliers 



Thus, the ordinary gauge degrees of freedom of B 2 are fixed by the functional 

E og = sJ {Vf 1 d*B 2 + m~ 2 d *Vl + nd*V^ 1 - CC} 
and the complete gauge-fixed action of the model reads 

S = S c ; + En + S r 



J og- 



(16) 



(17) 



2.3 Vector supersymmetry 

Due to the fact that we are considering a topological model of Witten-type, one expects 
the complete gauge-fixed action to admit a VSUSY. At the infinitesimal level, the VSUSY- 
transformations are described by the operator 5 T where r = r^d^ is a constant, s-invariant 
vector field of ghost-number zeroQ The variation 5 T acts as an antiderivation which lowers the 
ghost-number by one unit and which anticommutes with d. The operators s and 5 T satisfy a 
graded algebra of Wess-Zumino type, 

Mt] = £t, (18) 

where C T = [i T , d] denotes the Lie derivative along the vector field r and i T the interior product 
by r. We will simply refer to the relation (|IH) as the SUSY-algebra. 

2 In order to avoid technical complications related to the global geometry, we limit the considerations of this 
section to flat space-time. 
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The ^-variations of all fields can be determined by applying the general procedure intro- 
duced in reference || . To start with, we derive the VSUSY-transformations of the classical and 
ghost fields by expanding the so-called 0-type symmetry conditions 

5 T B 2 = , 8 T G 3 = C T B 2 . (19) 

with respect to the ghost-number. We thus obtain 

5 T B 2 = , 8 T il)\ = C T B 2 

5 T Vi = , 8 T tpl = L T Vl (20) 
5 T m 2 = , £ T 3 = C T m 2 . 

The 5 T - variations of the anti-ghosts are found by requiring the 5 r -invariance of the total action 
fllT] ) and by applying the commutation relations fll8|). Finally, the VSUSY-transformations of 
all multipliers follow from the ones of the corresponding anti-ghosts by imposing the algebra 
(HD for all of them: 





= 


S T H 3 


= ZtXs 1 




= 


8rV~ 2 


= C T (j>~ 3 




= 


S T rii 1 


= £t^i 2 


8rX l 


= —C T n 


8rV 2 


= CrX' + CrP 1 


5 T m~ 2 


= £ T (J>- 3 




= C T m~ 2 — C T r)~ 




= £ T <-Pi 2 


8 T bi 




S T n 


= 




= C T n. 



Thus, it is by construction that the total action is <5 T -invariant and that the SUSY-algebra is 
fulfilled off-shell for all fields of the model. Our results coincide with those found in reference 
by other methods. We refer to the latter work for the relation of VSUSY to a twist of a 
super symmetric field theory. 



3 Abelian model with Chern-Simons term 

The authors of reference JI| considered the interaction of the Abelian 2-forms B 2 and B\ with 
a non-Abelian Yang-Mills (YM) connection A by virtue of a Chern-Simons term with coupling 
constant A, 

Q 3 (A) = Atr (Ad A + -AAA) . (22) 

3 

The proposed action reads^ 

td = J (G 3 - n 3 ) (G% - n 3 ) . (23) 

3 We do not include the ordinary YM-action J tr (F * F) as in reference [0 since it depends on the metric 
and therefore destroys the topological nature of the model. 
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This functional represents a six- dimensional topological version of the expression / tr (G 3 — 
Q 3 ) *(G 3 — Q3) which appears in the action for ten-dimensional supergravity coupled to super 
YM|. 

The equations of motion for A and B 2 (or B 2 ) have the form 

F(G 3 - G3) = and tr (FF) = 0, 

where F = dA + ^[A,A] denotes the curvature 2-form associated to A. The latter equations 
imply F = (i.e. the same equation of motion as in the three-dimensional Chern-Simons 
theory). 

3.1 Symmetries 

The action (p3|) is not anymore invariant under the shift 5B 2 = However, it is invariant 
under the YM-gauge transformations 

5 A = -Dc= -{dc+[A,c}) 

5B 2 = Xtr(cdA) = 5B C 2 , (24) 

which leave G3 — and G% — f2 3 invariant. 

The BRST-transformations of A and of the YM-ghost read 

sA = -Dc , sc = --[c,c]. (25) 

They follow from the horizontality condition F — F, where 

F = dA+^[A,A] , A = A + c. (26) 

The generalized Chern-Simons form 

tt 3 = Atr (AdA + -AAA) 
3 

can be expanded with respect to the ghost-number, 

n 3 = tt 3 + n l 2 + ttj + ft 3 , (27) 

which provides the well-known solution of the descent equations (e.g. see [§]) 



Q 3 = Atr (AdA + I AAA) , sQ 3 + dVt\ = 

nl = Xtr (cdA) , sttl + dnj = 

ttj = Atr(-ocA) , sttj + dtt 3 = 

ft 3 = A tr(-f ccc) , sft 3 = 0. 



(2* 



We now use this result to discuss the £?-field sector. The generalized field strength of B 2 is 
defined as before (i.e. G 3 = dB 2 with B 2 = B 2 + + m 2 ), but the horizontality condition (j8|) 
of the free model is now replaced by the horizontality condition 

g 3 = G 3 + nl + nl + n 3 . (29) 

Expansion with respect to the ghost-number yields the s-variations 

sB 2 = -dV^ + Ql 

sV^ = -dm 2 + nl 

sm 2 = n 3 , (30) 

where the explicit expressions for the Q^(A,c) were given in equations fl28|). Furthermore, 
substitution of fl2"9"|) in dG 3 = leads to sG 3 = —dVL\ (and reproduces some of the descent 
equations (p8|)). 

The BRST-transformations fl2"o] ) and (^) leave the classical action (^) invariant. 

3.2 Gauge-fixing 

In the YM-sector, the gauge symmetry is fixed in the standard way, 

Ef f = sJ tr {cd *A} = J tr {bd *A - cd *Dc} , (31) 

where we made use of a BRST-doublet (sc = b, sb = 0). 

In the .B-sector, the local symmetry 5B 2 = — dVi is fixed as for the free model, i.e. by 
introducing the gauge-fixing functional = T, og given by equation (TT5|). 

In summary, the complete action of the interacting model reads Ej nt = + + E^>. 

3.3 VSUSY 

Due to the absence of shift-symmetries in the present model, the only possible choice for 
VSUSY-transformations is given by the so-called ®-type symmetry conditions 0. However, the 
derivation of £) r -variations for all fields is substantially more complicated in the present case 
since the SUSY-algebra only closes on-shell. Therefore, we will not further elaborate on this 
point here ||. 
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4 Non-Abelian model 

Consider a YM-connection A and a 2-form potential B 2 , both with values in a given Lie algebra. 
The field strength of B 2 is now defined by 

G 3 = DB 2 = dB 2 + [A, B 2 ] (32) 

and it satisfies the second Bianchi identity DG 3 = [F, B 2 ], where F = dA+ \ \A, A] denotes the 
YM-curvature. 

A natural generalization of the action ([![) for the Abelian potentials is given by |Q 

= J tr {G 3 G 3 - F [B 2 , B%]} . (33) 

Neither B 2 nor A propagate in this model (very much like A in four- dimensional topological 
YM-theory). 

4.1 Symmetries 

Following reference M, we now spell out all local symmetries of the functional (§3|). As in the 
previously discussed models, one considers the generalized gauge fields 

A = A + c , B 2 = B 2 + V? + m 2 (34) 

and the associated generalized field strengths 

F = dA+h i A,A\ , G 3 = DB 2 = dB 2 +[A,B 2 }. (35) 

The BRST-transformations in the YM-sector can be summarized by the following horizon- 
tally condition which involves ghost fields for the shifts of A: 

F = F + ^l + ip 2 . (36) 

From this relation and the generalized Bianchi identity DF = 0, we obtain 



S A = if;{ - Dc , sipl = -Dip 2 - [c, 

SC = Lp 2 -\[C,C] , Sif 2 = -[c, ip 2 } 

and sF = —Di))\ - [c, F]. 

In the .B-sector, the s-variations follow from the horizontality condition 



(37) 



G 3 = G 3 + + <fl + <P 3 (3f 
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and the generalized Bianchi identity DG 3 = [F, B 2 \. they read 

sB 2 = <$-DV£-[c,B 2 \ , stPI = -D ( p 2 -[c,iP 1 2 } + [F,m 2 } + [^ 1 ,V 1 1 } + [<p 2 ,B 2 ] 
sV? = (fl — Dm 2 - [c, V-l] , sip 2 = -2^-[c,tf] + [^m 2 ] + [^,l?] 
sm 2 = (p 3 — [c, m 2 ] , s4> 3 = — [c, 3 ] + [y? 2 , m 2 ] 

(39) 

and sG 3 = -D^\ - [c,G 3 ] + [F,V?] + [if>l,B 2 ]. The action (|33} is inert under the BRST- 
transformations fl37|),(|39"D which are nilpotent by construction. 



4.2 Gauge-fixing 

The shift- and ordinary gauge symmetry in the 5-sector are fixed as in the free Abelian model, 
except that all fields are now Lie algebra-valued. Thus, the total gauge-fixing action in the 
.B-sector is given by 

Z B = E* + E* g , (40) 

with 

Eg = s jtx { Xs 1 (*G 3 + Gfj + [pfd + *tpl + x'd^f - CC] } (41) 
E % = s J tr { Vf l d * B 2 + m' 2 d * V? +nd* Vf 1 - CC) , 

The BRST-transformations of the anti-ghost and multiplier fields are given by equations 
flTJ),© and flU. 

In the YM-sector, the gauge-fixing can be done along the lines of four- dimensional topolog- 
ical YM-theory. However, the familiar four-dimensional self-duality condition for the curvature 
form F does not make sense in six dimensions and it has to be generalized by introducing a 
4- form T 4 which is invariant under some maximal subgroup of 50(6) [TJJ: the self-duality 
condition can then be written as 

* F = n 2 F with Vl 2 = *T 4 . (42) 

This constraint is implemented by the gauge-fixing action 

E^ = s|tr fa 1 (*F - thF)} , (43) 

where xj 1 belongs to a BRST-doublet (s%4 1 = H^, sH A = 0). The residual gauge symmetries 
can then be fixed as in topological YM-theory by using a linear gauge- fixing term 

E A = E^ + s y"tr {^ 2 d*ijl + cd*A} , (44) 

which involves the BRST-doublets (0" 2 ,//" 1 ) and (c, b). In summary, the total gauge-fixed 
action is given by E = E c ; + E B + E A . 
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4.3 VSUSY 

In order to derive the VSUSY-transformations, one considers 0-type symmetry conditions in 
the A- and 5-sectors: 

S T A = , 5 T F = C T A 

5 T B 2 = , 5 T G 3 = C T B 2 . 1 ' 

By expanding with respect to the ghost-number and substituting the horizontality conditions 
(|36|),(j38|), one finds 

5 T {A, c) = , 6 T (B 2 , V^m 2 ) = 0. (46) 

and 

5 T if)l = C T A , S T tpl = C T B 2 

5 T <p 2 = C T c , 5 T <pj = C T Vl (47) 

5 T <f) 3 = C T m 2 . 

The 5 r -variations for the BRST-doublets occurring in the gauge-fixing action of the .B-sector 
are given by equations ( pT|) and those in the YM-sector read 

S T C = —C T (j)~ 2 , 5 T b = CrC + Crfj -1 

SrX* 1 = , S T H, = C T xi l (48) 

5 T cf)~ 2 = , 5^ = C T (j)- 2 . 

The total action is invariant under the given VSUSY-transformations which satisfy the VSUSY- 
algebra off- shell. 



5 Concluding remarks 

A possible generalization of the non-Abelian model consists of the addition of a BF-term 
J tr {B4F) (see || and references therein for such models in arbitrary dimensions): such a 
term breaks the invariance under shifts of A. Other possible extensions M are the inclusion 
of the topological invariant / Q 2 ti(FF) (where ^2 is a closed 2- form), which leads to "nearly 
topological" field theories jy], or the addition of a term / tr (F DZ3) involving a 3-form Z3. 



The resulting models can be discussed along the lines of the present paper 
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